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1. Introduction 

In the classical theory of monads jlj, |l^ or triples one deals with the following 
construction. If a functor U : C ^ M has a left adjoint F with unit rj: Ai UF 
and counit e : FU C then there is a monad T — {UF, UeF, rf) on Ai such that U 
factorizes as, U — U^K through the forgetful functor of the category Ai^ of T- 
algebras with a unique functor K: C Ai^, called the Eilenberg-Moore comparison 
functor. For example, if A is a ring, i.e., a monoid in = Ab then the forgetful 
functor U : aA4 Ai has a left adjoint, the induction functor F = A ®z — and 
the Eilenberg-Moore category Ai~^ is equivalent to the category of left A-modules 
via K. As it is the case in this example so in general, if K is an equivalence U is 
called monadic. 

Interpreting the category Ai'^ as the category of T-modules the above construc- 
tion appears as a primitive version of Tannaka reconstruction in which adjointable 
functors are brought into correspondence with monads on their target categories. 
Monadicity in turn plays the role of the representation theorem. Pursuing this idea 
one can investigate the extra structure the monad acquires if the forgetful func- 
tor is monoidal. What one obtains is that the monad is oplax monoidal (called 
lax comonoidal in this paper) in the sense of the underlying functor being lax 
comonoidal and the natural transformations preserve these comonoidal structures. 
Such monads will be called bimonads. Bimonads are the abstract versions of bial- 
gebras in the same spirit as monads are related to algebras. 

Bimonads first appeared in the work of Moerdijk[^ under the name Hopf mon- 
ads. He was motivated by generalizing the notion of Hopf operad. In our context 
the name bimonad seems to be the more natural as it rhymes with bialgebra and 
bialgebroid. Hopf algebroid could then be the name for a bimonad possessing some 
sort of antipode. 

The motivating example of bimonads is associated to a Takeuchi x ^-algebra 
|28| , also called bialgebroid |[ For a bialgebroid A over R the algebra 

A is an extension of R"^ :— R ^ i?°P, so A is an i?'^-i?'^-bimodule. The underlying 
functor T of the bimonad is T = ^ — : nAiR rA4ii where we identified 
rA4ii with RuAi. Such bimonads are obtained by the above mentioned Tannaka 
recontruction from the strict monoidal forgetful functors U: aA4 rA4r. That 
bialgebroid structures on A over R are in one-to-one correspondence with the strict 
monoidal forgetful functors Ua was first pointed out by Schauenburg |^ , see also 
|26| . Of course, the notion of bimonad is much more general than bialgebroids. 
But there is a simple criterion for a bimonad T on rA4 r to be a bialgebroid: The 



underlying functor T must have a right adjoint (see Theorem 5.4). 

Tannaka duality for bialgebroids has recently been proven by Phiing Ho Hai [|9| 
following the tradition of Saavedra , Deligne Q and generalizing the results of 
Ulbrich |^ , Schauenburg for Hopf algebras and of Hayashi [|j for weak Hopf 
algebras. For more about this theory we refer to and |^ and the references 
therein. The approach of the present paper does not fit into this series mathemati- 
cally but perhaps 'physically'. The categories we think about are module categories 
and therefore are not small. This forbids to compute the (quantum) group(oid) ob- 
ject as a coend. Also, we do not use any finiteness condition on the images of the 
functors. Instead we assume that the functors have left adjoints, and at the end 
also right ones. The question of when the bialgebroid we construct has an antipode, 
in either Lu's or Schauenburg's [E2| sense, is not addressed in this paper. 
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We use the following terminology. A lax monoidal Junctor is a triple (i^, t, l) 
where F is a functor between monoidal categories from (C, Dje) to 
Tc^d'- Fc® Fd — > F{cOd) is a natural transformation and t : i — s- Fe is an ar- 
row such that the usual hexagonal and the two square diagrams commute p^ . A 
lax comonoidal functor {F^ cr, v) from C to is a lax monoidal functor from C°p to 
(no change in the monoidal product). That is to say, ac.d ■ F{c Od) ^ Fc^Fd 
and v: Fe — > i. The commutative diagrams they satisfy are obtained by reversing 
all the arrows is the usual hexagon and square diagrams of a lax monoidal functor. 
A monoidal functor is a lax monoidal functor in which the Tc^^'s and the l are iso- 
morphisms. Comonoidal functors are defined analogously. Of course, monoidal and 
comonoidal functors are essentially the same: {F, r, t) is monoidal iff {F, r^^, t^^) is 
comonoidal. In later sections where there will be a shortage of the Greek alphabet 
we shall use the notation {F,F2,Fo) for a lax monoidal and {F,F'^,F'^) for a lax 
comonoidal functor. There is also a dual analogue of monoidal natural transfor- 
mations. A monoidal natural transformation between lax comonoidal functors will 
be called comonoidal. So the monoidal categories, the lax comonoidal functors and 
the comonoidal natural transformations form a 2-category ComonCat just like the 
lax monoidal functors are the 1-cells of the 2-category MonCat. 

A bimonad on the monoidal category {M, (Xi, i) is a quintuple (T, 7, tt, fi, 77) where 



{T,n: ^ T,ri: 7W ^ T) is a monad on M, {T,-/: T(g> (g){T x T),7r: Ti 
is a comonoidal functor and /i and rj satisfy compatibility conditions with 7 and 
TT. The 10 commutative diagrams these natural transformations should satisfy are 
the simplest possible ones in spite of the fact that they are equivalent, at least if 
T has a right adjoint, to the somewhat unpleasent bialgebroid axioms that either 
mix algebra and coalgebra structures in a painful way p6t or use a non-monoidal 
product in the definition of coalgebras [ p8| . 

At last but not least the bimonad description offers natural ways to define the 
category of bialgebroids which, even for the special case of weak bialgebras and weak 
Hopf algebras ||, [l^, has not been investigated in detail yet. Unfortunately, 
it offers two natural ways. At first, since bimonads are monads, one can take 
Street's definition ||2^ of the 2-category Mnd(ComonCat) of monads in ComonCat. 
In this framework all functors are lax comonoidal so the monad morphisms (G, ip) 
involve lax comonoidal functors G. This approach was chosen by McCrudden in the 
preprint many results of which overlap ours. But the present paper uses another 
method to define the category of bimonads and therefore of bialgebroids. We insist 
on having lax monoidal functors in monad morphisms since it is more motivated by 
previous experience with quantum groupoids. So our 2-category Bmd of bimonads 
has objects the bimonads but has lax monoidal functors in the definition of monad 
morphisms. This choice forces the ip i n th e monad morphism to be ambimonoidal 
natural transformation (see Definition 4/7). With this tentative expression we refer 
to the unique way of compatibility with the (co)monoidal structures which, however, 
lies between the usual monoidality and comonoidality of natural transformations. 

Having a 2-category of bialgebroids one can imagine the 2-category of Hopf al- 
gebroids as a subcategory. The equivalence classes of objects in this 2-category 
may turn out to be the appropriate objects which characterize a class of mono- 
idal categories uniquely, similarly to the Doplicher-Roberts characterization |^ of 
certain symmetric monoidal C*-categories as representation categories of uniquely 
determined compact groups. 
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2. MONOIDAL ADJUNCTIONS 

2.1. Lelx monoidal functors with left adjoint. The whole content of this paper 
rests on the following result which can be found in various forms in the categorical 
literature, in most general form perhaps in jlTI . Nevertheless we provide an explicit 
proof in order for the paper to be selfcontained even for non-specialists. 

Theorem 2.1. Let {U,t,l.) be a lax monoidal funetor from (C, O^e) to 

If U has a left adjoint F: A4 ^ C with counit e : FU — > C and unit t]: A4 ^ UF 

then the natural transformation 

(1) aoo,y ■■= epx oFy° Ftfx,Fv ° ^iVx (8) riy) 
and the arrow 

(2) v:=eeoFL 
give rise to a lax comonoidal functor {F, a, v) . 

Proof. The expression for a contains three products: the horizontal and vertical 
composition of natural transformations and the Cartesian product. So the state- 
ment requires 3-categorical computations, in the monoidal 2-category Cat. Denot- 
ing the vertical composition by •, the horizontal by juxtaposition and the Cartesian 
product by x and using the, perhaps strange, precedence of horizontal composition 
coming first and vertical coming last, we can write 

(3) = £□ (F X F) • Fr(F X i^) • i^® (r/ X r/) . 

Denoting by a, 1, r the associativity and unit coherence isomorphisms in any one 
of the monoidal categories, the proof of the hexagon 

(4) a(F X Fx F)» D {F x a) • a{M x (g)) = □ (ct x F) • a{(g) x M) • Fa 
goes as follows. 

(5) 

□ (cr X F) • cr((8) X 7W) = 
= □ (e □ (F X F) X F) • □ (Fr(F x F) x F) • a {F (g) {t] x -q) x F) 

• e □ (F X F)((g) X M) • Ft(F x F)((g) x M) • F® (?7 x ri){(E) x M) 

=e □ ( □ X C)(F X F X F) • Ft/ □ (e □ (F X F) X F) • FJ7 □ (Ft(F x F) x F) 

• FUa (F(g) (r/ X 7]) X F) • Fr(F(g) xF) • F (g) (ry x 77) 

=e □ ( □ X C)(F X F X F)» FUn{en{F X F) X F)» FUn (Ft(F x F) x F) 

• Ft(F (g) {UF X UF) X F) • F «) {UF (g) {rj x rj) x UF) • F (g) (77 (g) x ry) 

□ ( □ X C){F X F X F)»FUa{eD{F X F) X F)»FUa (Ft(F x F) x F) 

• Ft(F (g (UF X UF) X F) • F (g (77 (g {UF x UF) x UF) • F (g (0(77 x 77) x 77) 
=e □ ( □ X C){F X F X F)»FUa{ea{F X F) X F)» Ft{FU □ (F x F) x F) 

• F (g {UFt{F X F) X UF) • F (g (77 (g {UF x FF) x UF) • F (g {(g){ri x rj) x rj) 
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=£ □ ( □ xC){F X Fx F)» Ft{ a {F X F) X F) • F igi {UsO {F X F) X UF) 

• F {UFt{F X F)x UF) • F O (r/ {UF x UF) x UF) • F ((g)(r? x rj) x t]) 
=ff □ ( □ xC){F xF xF)» Ft{ n {F X F) X F) • F {UsU {F X F) X UF) 

• F(E:: {t]U D{F X F)x UF) • F (g) {t{F x F) x UF) • F O x rj) x rj) 

=£ □ ( □ X C){F X F X F) • Ft( a X C){F x F x F) 

• F (g) {t X U){F X F X F) • F ^ {^{r] x rj) x tj) 

where in the subsequent equations we used the definition of a, naturaUty of the s of 
the 4th term, naturahty of the r of the 5th term, naturaUty of the first rj of the 6th 
term, naturaUty of the r of the 4th term, naturaUty of the rj of the 5th term, and 
at last the adjointness F -\U and some cosmetics. A similarly long calculation, or 
arguing with x°p, yields the formula 

□ X (j) • (j{M X (g)) = 

(6) =eU {C X U){F X F X F) • Ft{C x a){F x F x F) 

• FiSi{U X t){F xFxF)»FiSi{r]X 0(r? x r])) 

Composing the first with Fa and the second with a(F x F x F) and using the 
hexagon for r 

(7) r(n xC)»^{t xU)»a{U xU xU) = Ua»T{C X □ ) • (g)(C/ x r) 

one immediately obtains the hexagon for a. 
It remained to show the squares of a and v 

(8) lFxo{vaFx)oai,^ = Fix 

(9) rFxo{Fxnv)o(7x,i = Fvx 

but we will suffice with proving the first. 
lFxo{'V^Fx)oai^x = 

= ^Fx °{se O Fx) o{Fi □ Fa;) o epi dfx° Ftfi^fx ° F{r]i (g) rjx) 

= Ipx o(£e O Fx) o epue n Fx ° FU {Fi □ Fa;) o Ftfi.Fx o Firj^ ® rjx) 

(10) = Ifx oEenFxO FU{£e □ Fa;) o FTFUe,Fx o F{UFl ® UFx) o F{r]i (g r]x) 
= EfxO FUIfx o FTe,Fx » F{Uee g) UFx) o F{'que 'S) UFx) o F{i (g) r]x) 
= eFx°F {UIfx o Te,Fx ©(i- ® UFx)) o F{i (g) rjx) 

= eFx°Fr]xoFlFx = Fix 

where in the last but one equality the square of r and l was used. □ 

We remark that the converse of the above Theorem holds, too. If (F, a, v) is lax 
comonoidal then 

(11) Ta,b ■= U{£a □ Efc) O UaUa,Ub O r}Ua®Ub 

(12) i — Uvorii 

defines a lax monoidal structure for U. However, monoidality of U, i.e., invertiblity 
of r and l does not imply comonoidality of F, i.e., invertibility of a and v. 
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2.2. Comonoidality of the unit and counit. We specialize the above Theorem 
to monoidal U. Then we get the following. 

Proposition 2.2. // (U, r, l) i s monoidal and F is a left adjoint of U then the 



{F,(7,v) given in Theorem 2.1 is the unique lax comonoidal structure on F for 
which the given adjunction data e and rj are comonoidal natural transformations, 
i.e., for which 



(13) 



CTr/a Ub ° Ft } 

FU{aDb) ^ FUaUFUh 



aUb 



aUb 



FUe 

4 

e 



Fir 



Fi 



(14) 



UF{x (g) y) 
are commutative. 



UFx ® UFy 



m 
UFi 



Uv 



Ue 



Proof. Using invertibility of Ta^b and t the above diagrams can be read as the 
equations 

(15) {Sa^Sb) ° <yUa,Ub ^ £aOb° FTa,b 

(16) V — £eO Fi 

(17) TFx,Fy ° iVx Vy) ^ Ua^^y o rjxt^y 

(18) L^Uvor], 

where a, b run over the objects of C and x, y over those of M. Now we are left to 
show that these equations have a unique solution for a and v. For v this is obvious 
from the second equation. In order to obtain a apply F to the third equation and 
multiply the result with £Fx,Fy 

£Fx,Fy O FTpx.Fy ° F{r]x <^ r]y) = eFx,Fy ° FUax,y O Fr]x(^y 

= '^x,y ° £F(x0y) ° F TJ^^y = CT ^ y 

which is indeed the comonoidal structure of Theorem □ 

In the course of the above proof we have seen that equations ( p^fjl^ ) have unique 
solutions for a and v if the e, rj, r, l are given. This is true even if U is lax monoidal 
although the comonoidality diagrams (|l|) and (|l|) loose their meaning. (The e and 
rj arc ambimonoidal, however, in the sense of Definition 4.7.) Similarly equations 
( p^lTsI ) can be solved for r and l if the others are given. This motivates the 

Definition 2.3. A lax monoidal functor U and a lax comonoidal functor F is 
called a monoidal adjoint pair, or simply a monoidal adjunction _F H U, if _F is 
the left adjoint of U as ordinary functors and the counit e : FU — > C and the unit 
rj: M ^ UF can be chosen to satisfy equations ([l5|), (|l6|), ( p7| ) and (|l^). 

Lemma 2.4. // U is monoidal and F -\ U , F' -\ U are two monoidal adjunctions 
then there exists a comonoidal natural isomorphism F > F' . 
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Proof. As in the case of the proof of uniqueness of left adjoints of functors up to 
natural isomorphisms one takes the natural isomorphism sF' • Frj' : F ~* F' which 
is made of horizontal and vertical composites of lax comonoidal functors and of 



comonoidal natural transformations, by Proposition 2.2, so it is itself comonoidal. 

□ 

3. The monoidal Eilenberg-Moore construction 

3.1. Monoidal functors with left adjoints and bimonads. The continuing 
assumption is that {U,t,l) is a monoidal functor from (C, □ , e) to {A4,(S),i) and 
that the functor U has a left adjoint F: A4 ^ C with counit e: FU C and unit 



rj: A4 ^ UF. In this situation Proposition 2.2 has the following 

Corollary 3.1. // {U,t,l.) is a monoidal functor with the underlying functor U 
having a left adjoint then the monad (T, fi, rj) associated to the adjunction data 
e: FU —^C,ri:M—i- UF is such that T ~ UF is a lax comonoidal functor and 
ji: ^ T and r]: A4 T are comonoidal natural transformations. 



Proof. By Theorem 2.1 the left adjoint F: A4 C has a comonoidal structure. U 



being monoidal it is also comonoidal and the composition T = UF oi lax comonoidal 



functors is again lax comonoidal. In Proposition 2.2 we have seen that e and 
rj are comonoidal natural transformations w.r.t. this comonoidal structure on U 
and F. Therefore /x = UeF is also comonoidal since the monoidal categories, 
the lax comonoidal functors and the comonoidal natural transformations form a 
2-category. □ 

The monad we have obtained in the above Corollary suggests the following 

Definition 3.2. Let be a monoidal category. Then a monoid (T, /i,7y) in the 
monoidal category of lax comonoidal endofunctors M ^ A4 is called a bimonad in 
M. 

That is to say, a bimonad consists of 6 items, 

(1) a monoidal category {M, (g), i) 

(2) a functor T: M^M 

(3) a natural transformation 72,^1, : T{x <8) y) — > Tx (E) Ty 

(4) an arrow tt: Ti ^ i 

(5) a natural transformation ■ T^x Tx 

(6) and a natural transformation rj^: x Tx 

subjected to satisfy 6 axioms in the form of 10 commutative diagrams: 
BMD 1: 7 is coassociative, 

T{x®{y®z)) 21:^ Tx®T{y®z) ^"'^'^"■') Tx®{Ty®Tz) 



(19) Ta.,„.| I 



^Tx,Ty,Tz 



T{{x(g,y)®z) -^^^ T{x®y)®Tz '"'""'^^ {Tx®Ty)®Tz 
BMD 2: TT is a counit for 7, 

T{i®x) ) Ti®Tx T{x(E)i) > Tx®Ti 



(20) ( \^-K®Tx and ;| 

Tx < — - — i ® Tx Tx < — - — Tx 
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BMD 3: /i is comonoidal, 



(21) ^^^y 

T{x y) 



Tx(giTy 



and 



tH 



Ti 



BMD 4: r] is comonoidal, 

x^y ^=^= x^y 



(22) ^''^y 

T{x (g) y) 
BMD 5: /X is associative, 



and rii 



Tx®Ty 



Ti 



T^3 



(23) 



T^x 



T^x 

fix 

Tx 



BMD 6: r/ is a unit for fj,, 



(24) 



Tx 



Tx 



VTx 



> T^x 

,x[ 

z Tx 



and 



Tx 



Tx 



Trix 



► T^x 

= Tx 



Thus Corollary tells us that every monoidal adjunction F -\ U, with U mo- 
noidal, determines a bimonad with underlying monad the classical construction 

T = {UF,UeF,ri). Explicitcly, if {U,t,l) is a monoidal fimctor and F H f/ is an 
ordinary adjunction with unit rj and counit e then the associated bimonad is this. 



(25) 
(26) 
(27) 
(28) 
(29) 



T 

TT 
tlx 



UF 
.-1 



= '^Fx.Fy ° Uepx DFy°U FTFx,Fy O U F{r]x ® %) 



= r^oUSeOUFi 

= Uepx 
= Vx ■ 



3.2. The monoidal Eilenberg-Moore category. In this subsection is a mo- 
noidal category and (T, n, rj) is a bimonad on ^A . 

The Eilenberg-Moore category A4^ has as objects the T-algebras, i.e., pairs 
{x, a) where x is an object in A4 and a: Tx — > x satisfies 

T^x Tx X Tx 

(30) L II |a 

Tx ^ X X ^=^= X 
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The arrows from {x, a) to {y, j3) are the arrows t: x — > y in such that 

Tt 

Tx > Ty 

(31) „| |;3 

t 

X > y 

is commutative. The functor 

(32) U'^-.M^^M, {x,a)^x 
is called the Eilenberg-Moore forgetful functor. 

Proposition 3.3. Let (T, 7, tt, /x, 7y) he a bimonad. Then its Eilenberg-Moore cate- 
gory has the following monoidal structure. For T -algebras {x,a) and {y,P) let 
their tensor product be 

(33) {x, a) O {y, /3) {x ® y, (a /3) o -f,^y) 

The tensor product of T -algebra arrows coincides with their tensor product as arrows 
in Ai. Then O gives rise to a monoidal structure on Ai^ such that the forgetful 
functor U'^ : Ai'^ ^ Ai becomes strictly monoidal. 

Proof. In order to show that (|3^) is really a T-algebra we need to verify the two 
defining diagrams of (|3^). The first of these follow from 

{a® P) o o T{a (g) /?) o T^x.,y = 

= (a (g>P)o {Ta (g) TP) O jTx.Ty o Tj^.,y = 
= {a (g> P)o (^j, (g> ^y) O jTx.Ty O Tjx^y = 

where in the last equation we used comonoidality of /i. The second diagram follows 
from 

{a(g> P)o j^^y o r]x^y = 

= (a ® P) o {ri.j, ® T]y) ^ X ® y 

where comonoidality of rj had to be used. 

For T-algebra arrows t: {x,a) {x',a') and s: {y,P) — > {y' , P') we defined 

(34) tOs:=t(g)s 
which is indeed a T-algebra arrow because 

{a' (g) P') o-f^,^y, oT{t<» s) = 
= {a' ® P')o{Tt®Ts)o-i^^y^ 
= (t iSi s) o {a iSi P) o j^ y 
This finishes the definition of the functor O . As for the monoidal unit we set 

(35) i^:={i,n) 

Now we are going to show that the coherence isomorphism a, 1, and r of {A4,(E), i), 
when considered as arrows in Ai'^ , serve as coherence isomorphisms of {Ai'^ , O , i'^) . 
For three T-algebras x'^ = {x, ax), y^ — {y, ay) and z'^ — {z, az) we have 

x'^ O (y^ O z^) = (x (g) (y «) z), {ax ® {ay (g) a^)) o {Tx g) 7^,^) o jx,y(Sz) 

{x^ O y^) O = {{x (g)y)(g) z, {{a^ g) %) (g a^) o {j^.y <g Tz) o -ix®y,z) 
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and the calculation 

a.x,y,z o (ctx [ay (g> a^)) o {Tx (g) -fy^^) o ■^x..v®z = 
={{ax (El ay) (g> a^) o sltx,Tv,Tz o {Tx (g) 7^,^) o jx,v(g,z = 
= {{ax g) ay) (g> az) o {j^^y <S> Tz) o "fx()^)y,z ° Ta^^y^^ 

proves that a.x,y_z is an isomorphism 

(36) x^Oiy'^Oz^)'"^' {x^Oy'^)Oz^ 

of , indeed. In order to show that i'^ is a left unit notice that 

(37) i'^ <> x"^ ^ {i(g x,{tt (g ax) o Ji,x) 
and therefore 

Ij; o (tt (g) a^) o 7i_^ = 

o (i ® ax) o (tt (g) Tx) o "f, x = 
=Itx o (tt (g) Tx) o Ji^x = 
=Tlx o ax 

proves that Ix is an isomorphism 

(38) i^Ox^^x^ 

of Ai^ . Similarly, Vx'- x^ O x^ for all objects x^ of . This finishes the 

construction of a monoidal structure (A^"^, O , i^) on the Eilenberg-Moore category. 
It is clear from the construction that the forgetful functor V"^ is strictly monoidal. 

□ 

Proposition 3.4. Let T he a bimonad. Then the strict monoidal has a lax 
comonoidal left adjoint, the free T-algebra functor 

(39) F'^-.M^M'^, xv^ {Tx, T^x Tx) . 
such that U'^ F'^ — T , as lax comonoidal functors. 

Proof. Left adjointness is proven as in the textbooks. As for the lax comonoidal 
structure notice that -fx.y provides a T-algebra arrow from F'^ {x g) y) to 

F'^x O F'^y = {Tx (g Ty, {fix (g fiy) o jTx,Ty) 

because "fx^y o = {l^x ® fJ'y) o iTx.Ty ° T^x.y which is precisely the first diagram 
in (pH). Similarly, the second diagram of ( pTf ) is the condition for 



tt: F'^ = {Ti,fii) (i,7r) = 



to be a T-algebra arrow. Now ( [ig| - po[) imply that the triple (T''^,7,7r) is a lax 
comonoidal functor. The relations iT^F'^ — T, C/'^7 = 7 and — tt are 

obvious. □ 
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3.3. The Tannakian reconstruction. Recall that the Eilenberg-Moore compar- 
ison functor K : C ^ M.^ maps the objects c of C into the T-algebras 

(40) Kc := {Uc,Uec: TUc^Uc) 
and the arrows ip: c — > d to the T-algebra morphisms 

(41) i^V := {Uc, Uec) ^ {Ud, Uea) ■ 

This functor allows to factorize the given U through the category of T-algebras as 
U^K = U. 

Proposition 3.5. Let U : C M be a monoidal functor with left adjoint and T 
he the associated himonad. Then the Eilenberg-Moore comparison functor K : C 
M.^ has a unique (lax) monoidal structure such that the factorization U = U'^ K is 
a factorization of monoidal functors. 

Proof. Since C/'^ is strict monoidal, if {K,t,l) is a lax monoidal functor such that 
U = U^K then Uf = t and Ut = l. That is to say, the unique lax monoidal 
structure, if exists, is monoidal and it is obtained by lifting the arrows T^.d and 
L to T-algebra arrows. Taking into account formula ( p6| ) the action in the tensor 
product 

KcOKd = {Uci»Ud,{Uec<»Ued)o-fuc,ud) 

can be writen as 

{Uec (81 Usd) o ■^uc,ud = o [/(£c □ Sd) o UaucUd 
= ^c.d °Uecnd°TTc.d 

where in the last equation the monoidal adjunction ( |l5| ) has been used. This result, 
up to multiplying with Tc^d, is precisely the lifting condition for Tc^d to be T-algebra 
morphism KcO Kd K{cOd). As for the unit map l: i ^ Ue, it has a lift to a 
T-algebra morphism 

(i,7r) ^ {Ue,Uee) = Ke 

if and only it lott — USe o Tl. The right hand side is equal to Uv by (^6|) and the 
left hand side is equal to Uv by (|27|). □ 

Our main theorem of the Tannakian type relates adjointable monoidal functors 
to bimonads in the following way. 

Theorem 3.6. Let U : C M. be a monoidal functor possessing a left adjoint. 
Then there exists a bimonad T on M and a monoidal functor K: C ^ such 
that 

(1) U has the monoidal factorization U = U'^ K where U"^ : Ai'^ A4 is the 
monoidal Eilenberg-Moore forgetful functor, 

(2) the pair {T,K) is universal with respect to property (1). That is to say, 
if S is a bimonad on A4 and L: A ^ is a lax monoidal functor such 
that U = U^L, as lax monoidal functors, then there exists a unique natural 
transformation ip: S T such that 

(a) U'^K = L where U^ is the functor mapping a T-algebra {x, a) to the 
S -algebra {x,ao ip^^) , 

(b) Lp is comonoidal, 

(c) Lp is a monad morphism. 
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Proof. As for the existence of T and K with property (1) one takes for T the 



bimonad associated to U and to one of its left adjoints F by Corollary 3.1 and for 
K the Eilenberg-Moore comparison functor. In order to show the universal property 
(2) we need to prove existence and uniqueness of ip. Notice that the functors L 
with property U^L = U can be written as Lc — {U c, (3c) where functoriality implies 
that /3c: SUc — ^ Uc is natural in c € C. Furthermore, lax monoidality of L, strict 
monoidality of and monoidality of the factorization U = U^L implies that L 
is monoidal and L2: O {L x L) i □ is the hft of C/2 : (g) {U x U) U □ . 
Similarly Lq : {i, 5"°) Le = {U e, (3e) is the lift oHJq: i Ue. Since 

LcOLd= {Uc(g>Ud, [Pcd (3d)oSuc,ud) 

the lifting conditions for Uc^d and Uq, respectively take the form 

(42) Uc,do{f3c d) fid) o SucUd ^ f3cn dO SUc,d 

(43) C/o o 5° = /3e o SU„ 

and these are precisely the conditions for /3 to be comonoidal. Let C{U) be the 
category with objects the pairs (S*, /?) where S": ^ is a lax comonoidal 
functor {S,S'^,S'^) and f3: SU U \s a. comonoidal natural transformation. The 
arrows from (i?, a) to (5', /3) are the comonoidal natural transformations ip: R ^ S 
satisfying /?• ipU = a. Now it is standard universal algebra to show that if U has a 
left adjoint then C{U) has terminal objects. Moreover, in a terminal object {T,uj) 
the T is a monad and to is an action of T. If (5, f3) is an object in which S" is a 
monad and /? is an action of S on U then the unique arrow ip : {S, f3) (T, lj) is a 
monad morphism, i.e., satisfies 

/x'^ • Tip • ipS — fi^ 

S T 
ip^T] =77 . 

Now it is easy to see that condition (2) is just the expression of the fact that the pair 
{T,u}), in which lo correponds to the comparison functor K, is a ter minal object in 



£([/). We omit the details because we shall prove in Theorem |4.19| a more general 



universality property involvi ng b imonads 5* on any other monoidal category A^. 



(Cf. also the proof of Lemma L4 or the literature |18|.) □ 



The next theorem serves as a characterization of the forgetful functors of bimon- 
ads. 

Theorem 3.7. Let C and M be monoidal categories. For a functor U : C M 
the following conditions are equivalent: 

(1) There exists a bimonad T on A4 and a monoidal equivalence K: C ^ Ai"^ 
such that - via this equivalence - U is isomorphic to the forgetful functor 

(2) U is monadic and monoidal. 

Proof. (2) (1) Monadicity of U is by definition the requirement that U has a 
left adjoint and the comparison functor K is a category equivalence. A category 
equivalence is always part of an adjoint equivalence Theorem IV. 4. 1] so there 
exists a right adjoint of K with invertible unit and counit. Now K is monoidal. 



hence comonoidal, therefore the converse of Theorem 2.1 provides a lax monoidal 
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structure on the right adjoint which, by invertibihty of the unit and counit, is 
actuaUy monoidaL This proves that i^T is a monoidal equivalence and the rest, 
U = U'^K, is obvious. 

(1) ^ (2) The Eilenberg-Moore forgetful functor U'^ is always monadic because 
F'^ is its left adjoint, U'^F'^ — T, and the corresponding comparison functor 
Ai'^ — > Ai"^ sends the object {x, a) to 

Therefore the comparison functor is the identity functor. Now we have an equiv- 
alence K : C ^ Ai'^ and it is easy to see that monadicity of U'^ is inherited to U 
via this K. Since U = U'^K, this defines a monoidal structure for U. □ 

For structural assumptions on U and C that imply monadicity we refer to the 
literature Here we give only a crude consequence of the above Theorem 

which is still sufficiently general to include as special cases the forgetful functors 
of bialgebroids, to be discussed in Section ||. Therefore it covers also the cases of 
forgetful functors U : a-M — > kM where A is either a weak bialgebra or bialgebra 
or weak Hopf algebra or Hopf algebra over k. 

Corollary 3.8. LetC be a monoidal category having coequalizers and letU : C ^ M. 
he a monoidal functor such that its underlying functor reflects isomorphisms and 
has a left adjoint and a right adjoint. Then C is monoidally equivalent to the 
Eilenberg-Moore category M.'^ of a bimonad. 

Necessary and sufficient conditions for a bimonad to be the bimonad of the 
forgetful functor of a bialgebroid will be given in Section |^. 

4. 2-FUNCTORIALITY OF THE CONSTRUCTION OF BIMONADS 

The functors U for which a bimonad can be constructed are the objects of a 2- 
category L-MFunc. We extend the bimonad construction of the previous Section to 
a 2-functor Q: L-MFunc — > Bmd from which a sensible definition for the 2-category 
Bmd of bimonads emerges. We show that Q is the left adjoint of a 2-functor EM 
which incorporates the Eilenberg-Moore construction. This adjunction explains 



and extends the universality result of Theorem |3^. Finally, the fact that bimonads 
form a 2-category will enable us to speak about isomorphisms and equivalences of 
bialgebroids which, in turn, in Section ||, will be shown to be objects of Bmd. 

4.1. The 2-category of arrows. Let (/C, •, o) be a 2-category. As before in case of 
IC ~ Cat we omit the symbol o for horizontal composition. We define the 2-category 
of arrows in K. as the 2-category Arr(/C) having 

> objects (A, [/, M) where t/ : A -> M is a 1-cell of IC, 

> 1-cells (F, K, G) : (A, U, M) ^ (B, V, N) where : A ^ B and G : M ^ N 
are 1-cells of K. and k: GU ~> VF is a 2-cell of /C, 

> 2-cells [d, v\ : {F, k, G) {F', k', G') : (A, [/, M) ^ (B, V, N) where 
d: F ^ F' and v: G ^ G' aie 2-cells of JC such that 

(44) V-dmn^ k' uvU 

The horizontal composition of l-ccUs is 

(45) {F, K, G) □ {H, A, /) = {FH, kH • GA, GI) 
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the horizontal composition of 2-ceUs is 

(46) [d,v\n[d' ,v'] = [d§' ,vv'] 
and the vertical composition of 2-cclls is 

(47) [d,v]u[d' ,v']^[d*d' ,vv'] 

whenever they are defined. 
Thus we have two 2-functors 

JC Arr(^) JC 

given respectively by 

A ^ (A, U,M.) '-^ M 

F ^ {F, K,G) i-> G 

We want to single out a sub-2-category in Arr(/C) the objects (A, C/, M) of which 
carry a universal action of a monoid (T, /i,?^) at M. Such actions a: TU — > U will 
be called left actions as they act on the codomain side of (A, U, M). As it is well 
known in universal algebra such monoids are readily obtained by universality 
from a much simpler structure, a 1-cell T: M ^ M and a 2-cell a: TU U, no 
condition whatsoever. Existence of universal monoids is guaranteed for example if 
U has a left adjoint in /C. In the next Definition the usual universality is replaced 
by a slightly stronger " 2-universality" property which we need later but which is 
also a property of left adjointable U-s. In the sequel we denote by Arr'^(/C) the 
sub-2-category in which the k-s are invertible. 

Definition 4.1. A left action on a 1-cell (A, U, M) in /C is a 2-cell in Arr(/C) of the 

form (A, a, R) : (A, U, M) — > (A, U, M). That is to say a left action on U consists 
of a 1-cell ii: M -> M and a 2-cell a: RU ^ U inlC. The left action a = (A, a, R) 
is called universal if for any left action /3 = (B, (3, S) on (B, V, N) and any 1-cells 
K = {F,K,G) and k' = {F',k\G') from (A,;7,M) to (B,y,N) in Arr(/C) the 
domain functor gives rise to a bijection of 2-cells 

(48) Arr(/3 o K, k' o a) K.{F,F'). 

That is to say, a left action a : RU U is universal if for every left action (3 : SV 
V, 1-cells F,F': A ^ B, G,G': M ^ N, 2-cen d: F ^ F' a.nd invertible 2-cells 
k: GU ^VF and k' : G'U ^ VF' there exists a unique 2-cell i): SG ^ G'R 
such that 

(49) yi?./3F.S'K = K'.G'a^V'f/ . 

Remark 4.2. Taking into account the explicit form of the horizontal composites 

(50) (B, (3, S) a {F, K, G) = {F, (3F • 5*^, SG) 

(51) (F', k', G') □ (A, a, R) = {F' , k' • G'a, G'R) 



the above equation (49) for ■0 is precisely the condition for the pair [^,ip] to be a 
2-cell 

(52) i,] : (B, /3, S) a (F, G) -> (F', G') □ (A, a, R) . 
Therefore, as sets 

(53) {V-} = cod^ □ □ „ o dom^^n ^ □ „ ({t9}) . 
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The next Lemma secures a familiar class of 1-cells on which universal actions 
exist. 

Lemma 4.3. IfU is a 1-cell in K, which has a left adjoint U then there is a universal 
left action on U , namely a = Ue: TU —>■ U where T ~ UU and e : UU —>■ A is the 
counit of the adjunction. 

Proof. Multiply equation (^) from the left by k' ^, then compose it horizontally 
from the right with C/, and finally multiply it from the right by SGr/, where 77 is 
the unit of the adjunction. Thus we obtain 

k'"^ [7 • Vm • 13FU • SkU • SGt] 
=G'UetJ •ipUU •SGri 
=G'UeU*G'UUr]*i: 

□ 

Let Arr„(/C) denote the full sub-2-category of Arr(/C) having as objects those 
objects of Arr(/C) on which a universal left action exists. 

4.2. The construction of the 2-functor Q. We define a 2-functor Q: ArrJ^(/C) 
Mnd(/C) as follows. Its object map is provided by the following Lemma. 

Lemma 4.4. For an object (A,J7, M) o/Arr„(/C) let {A,(jj,T) be a universal left 
action. Then there exist unique 2-cells /i: TT —>■ T and 77: M — > T such that 

(54) uj • — Lu • Tlo 

(55) ujmrjU^U. 
The triple {T,fi,ri) is a monad in K, on M. 

Proof. Let C{U) be the category of left actions on U which is the subcategory 
in Arr([/, U) containing as objects the special 1-cells (A, a, R) and as arrows the 
special 2-cells [A,j^]. Then universality of {A,uj,T) implies that it is a terminal 
object in C{U). As a matter of fact if we specialize the universal property to the 
choice V = U, (F, k, G) = (F', k', G') being the identity ceU (A, U, M) and i9 = A 
then we obtain that for all i? : M ^ M and all a : RU — ^ U there exists a unique 
v. R T such that a = uj • vU . 

Now it is clear that the solutions for /i and 7/ of the equations (|5^p5[) provide 
arrows 

(56) [A, /i] : (A, 0. . Tlo, TT) ^ (A, uo, T) 

(57) [A,7;]: (A,C/,M) ^ (A,c.,r) 

hence they exist and are unique. The rest is standard universal algebra One 
checks that both ^•T/x and n»fiT provide arrows from {A,u; •Tu) •TTlo,TTT) 

to the terminal object, hence ^ is associative. Similarly one proves that 7; is a unit 
for /i, hence (T, /x, 77) is a monad. □ 

Given a choice of universal left action {A,uj,T) for each object (A, J7, M) of 
Arr„(/C) we define 

(58) Q(A,C/,M) := (T,/i,7y) 
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where the monad on the RHS is obtained from Lemma 4.4 



The definition of Q on 4-cells is p rovided by the following specialization of the 
universal property of Definition |4.l| . Setting {F,k,G) — {F\k',G') and -d — F 
we obtain that if (A, a, R) is a universal left action on (A, U, M) then for all 
object (B, V, N), aU left action (B, /3, S) on (B, V, N) and aU (V, k, G) : (A, U, M) 
(B, V, N) in Arr""(/C) there exists a unique ip: SG — > GR such that 

(59) ^F»Sk = K^Ga^ifU. 

Lemma 4.5. Let (A, U, M) and (B, V, N) be objects o/ Arr„(/C) and let Q(A, [/, M) 
= (i?, /LtR, ?7r) anrf Q(B,y, N) = (5*, /xs, r?s) • Then for each 1-cell 

{F, K,G) : {A,U,M) ^ {B,V,N) eArr(/C) 

i/ie unique solution for (f of equation provides a monad morphism 

(60) (G, (^) : {R, fiR, ?7r) -> {S, ns,m) , 

i.e., a 1-cell in the 2-category Mnd(/C) of monads in K [ p5) . That is to say G: M — > 
N is o 1-cell and ip: SG — > GR is a 2-cell satisfying the commutative diagrams 



S SG ~ 

MsG 



SGR 



tpR. 



(61) 



SG- 



GRR 
GR 




GR 



Proof. To prove the first diagram it suffices, by the above special universality prop- 
erty, to show that both ip' := Giir* LpR* Sip and (p^ := </3»/isG are solutions of 



(62) ^"^F^SSk = K«Ga»$C/ 

for $ : SSG GR where stands foi (3 • Sf3 = (3 • ^isS : SSB ^ B. As a matter 



of fact 



K • Ga • (p'U = K • Ga • G^irU • (y5i?[/ • S(pU 
~ K* Ga • GRa • • ^(/jt/ 
= K • Ga • • SGa • S'l^aC/ 
= PF^Sn^SGa^SipU 
^ I3F»S(3F»SSk = f3^F»SSK 



and 



K • Ga • iy9^t/ = K • Ga • ipU • ^sGU 

= I3F»Sk»^isGA 

= PFufisVF^SSn = P^F^SSk. 

Similarly, the proof of the second diagram amounts to showing that both G77R and 
ip^rjsG solve the equation 

(63) K = K»Ga»TU 

for T : G ^ GR. Indeed, 

K • Ga • GrjuU = k • GC/ = k 
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and 

= (3FmrisVF»K = K. 

□ 

We can therefore define Q on f-cells by 
(64) Q(F,«;,G) := (G, ^) 



where is determined by Lemma 4.5 



Before defining Q on 2-cells we investigate functoriahty of Q on the category 
of O-cehs and i-cells. In the fohowing Lemma a: RU —>[/,/?: SV V and 
7 : TW W denote universal actions corresponding to the definition of Q on the 
object [/, V and W, respectively. 

Lemma 4.6. For composable 1-cells in Arr„(/C) as in the diagram 

A > B > C 



4 ^ ^1 



M ) N — ^ O 

we We Q{{H,X,I) □ (F,k,G)) = Q{H, X, I) o Q{F, k,G) . 

Proof. Taking into account the formula (/, x) o (G, Lp) — {IG, I(p • xG) for composi- 
tion of monad morphisms, we have to show that if ip: SG —^ GR and x'- TI — > IS 
are solutions of the equations 

(3F • Sk — ku Ga • ipU 
-/H»TX = X»I(3»xV 

then V = Itf xG solves the equation 

-yHFtTXFmTlK = XF • In* IGa* . 

As a matter of fact, 

AF • /k • IGa • IipU • xGU ^ XF • I(3F • ISn • xGU = 
=AF • I(3F • xV"F • TIk = 7i7i^ • TXF • T/k . 

□ 



The definition of Q on 2-cells uses the full strength of Definition 4.1. First of all 
for a 2-cell 

[7?, v] : (F, G) -> (F', k', G') : (A, (7, M) ^ (B, V, N) 

we set 

(65) Q[^,v\ := V. 

The statement that v: (G, 93) ^ {G'^p') is a transformation of monad morphisms, 
i.e., a 2-cell in Mnd(/C) is by definition ||2^ the property 

SG ! Gi? 

(66) si.| |,._R 

5G' i G'i? 
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where (G, tp) = Q{F,k,G) and {G',ip') = Q(F',k',G"). Commutativity of this 
diagram follows from universality after noticing that both lyR • (p and cp' • Sv are 
solutions for iJj: SG G'R of the equation (|49|). Indeed, 

= Vi9»K»Ga»ipU = Vi9»PF»Sk 

and 

k' • G'a • (^'C/ • Si^U = • Sk' • ^i/C/ 

Since for 2-cells both the horizontal and vertical composition in Mnd(/C) coincides 
with those of /C, in view of (^6|) and ( ^ ) the Q preserves both compositions. This 
finishes the construction of the 2-functor Q: Arr~(/C) Mnd(/C). 

4.3. The monoidal version of Q. In this subsection we are interested in the 
monoidal properties of the 2-functor Q = Q(/C) if the underlying 2-category /C is 
monoidal. In order not to drift too far from the main theme of bialgebroids we 
restrict ourselves to the case /C — Cat endowed with the Cartesian product x of 
categories, functors and natural transformations. 

The content of this subsection crucially depends on whether a : RU U being 
a universal action implies ax a: {R x R){U x U) U x U is universal, too. Since 
this property does not seem to be automatic, we shall restrict ourselves to functors 
U with left adjoints. In this case U x U also has a left adjoint, therefore a x a is 
universal indeed (cf. Lemma [Ol ) . We denote by L-Func the full sub-2-category of 
Arr^(Cat) with objects the left adjointable functors. 

If A and are monoidal categories and the left adjointable U : \s given 

a monoidal structure U2 ■ ®m {U x U) U(^j[, Uq : im — ^ Ui^ then Corollary 



3.1 tells us that the monad Q(-4, U, M) ~ (T, /i, tj) has a lax comonoidal structure 
T^: U(g)A <S>m{U X U), T°: UiA iM so that {T,T^,T° , n,r]) is a bimonad. 
This result is the object map part of a commutative diagram of 2-functors 

L-MFunc — ^ — > Bmd 

? 

(67) 

L-Func — — > Mnd 

where the vertical 2-functors forget about (co)monoidal structures, otherwise all 
items in the first row are yet undefined, including the 2-category Bmd of bimonads. 
Our aim is to define them in such a way that the above diagram commutes. 

One solution is obtained by taking /C to be ComonCat in the first row and JC = 
Cat in the second and then apply the procedure of the previous subsection to 
construct the Q. This seems to be the most natural choice since bimonads involve 
lax comonoidal functors. This choice leads to the diagram 



Q(ComonCat) , 

L-CFunc > Bmd 



(68) 



L-Func — - — > Mnd 
where L-CFunc is the 2-category with 
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objects the comonoidal functors U (equivalently; monoidal ones) with left 
adjoint, 

>■ 1-ceUs {F, K,G): U V where F, G are lax comonoidal functors and 

K : GU —> VF is a comonoidal natural isomorphism, 
>► 2-cells [&, ly] : {F, k, G) {F', k', G') where both d: F ^ F' imdv. G ^ G' 
are comonoidal and satisfy the constraint ¥"0 m k = n' • vU . 
Accordingly, the 2-category Bmd' involves only (lax) comonoidal functors in place 
of 1-cells. Especially, monad morphisms {G,ip) involve lax comonoidal functors 
G: M These functors map comonoids into comonoids but does not map 

monoids to monoids. 

If we want arrows that preserve module algebras over bialgebroids instead of 
module coalgebras, we must insist of having lax monoidal functors in the defini- 
tion of 1-cells. At first sight this spoils any sensible (co)monoidality of the 2-cell 
(fi: SG — > GR since R and S are lax comonoidal functors but G is lax monoidal. 
Fortunately, the situation is not so bad. 

Definition 4.7. In the situation of the diagram 



M - 








M' - 





with four monoidal categories, lax monoidal functors G and H and lax comonoidal 
functors R and S a natural transformation ip: SG HR is called ambimonoidal 
if the diagrams 



S(g)M{Gx G) (^M,{SG X SG) ®^'^'^'"^\ ^j^,{HR x HR) 



(69) 



and 



SG2 



SG®M 



HR®M 



H2{RxR) 

H ®M' {R X R) 



Sim 



SGo 



SGlMT 



Ho 



HRIm 

HR" 
HlM' 



(70) 

are commutative. 

Beyond that it is meaningful the motivation for this definition comes from the 
following 

Proposition 4.8. Let U and V he monoidal functors with left adjoints, F and G 
be lax monoidal functors and let k : GU VF be a monoidal isomorphism as in 
the diagram 

A B 



u 
M 
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Forgetting the monoidal structures let Q{U) = R, Q(V") = S and Q{F,k,G) = 
{G,ip). Then ip: SG ~^ GR is ambimonoidal if R and S are considered with lax 



comonoidal structures by Theorem 2.1 



Proof. The defining equation (^9|) of Lp is equivalent by Remark 42 to the condition 
that 

(71) [F, if] : {B, /?, S) □ {F, k, G) {F, k, G) □ {A, a, R) 
is a 2-cell in L-Func. Monoidality of k, 

(72) k®a»GU2»G2{U xU) = VF2»V^{F x F)»®j^{Hi x k) 

is equivalent to 

(73) [F2,G2]: {®b,V2,(^m)u {{F,n,G) x (F, G)) ^ (F, G) □ ((»^, C/2, 
being a 2-cell in L-Func. Comonoidality of /3 = T^ey : SV — > 

(74) Kj-i ./3®B = ®^(/3 x /3) • S'2(y x F) . 51^2^^ 
is equivalent to 

(75) [®B, 5'] : (S, /3, 5) □ (®g, \/2, ®Ar) ^ '1^2, ®A^) □ ((S, P, S) X (S, /3, S)) 

being a 2-cell in L-Func. Similarly, the is a 2-cell precisely because a is 

comonoidal. Therefore one can take the following two parallel vertical composites 

{B,P,S)u{®s,V2,<)^n)^ mn,G) X (F,K,G)) 

{B,p,S)a[F2,G2] 



(76) 



and 



(77) 



(S,/3,5)n(F,^,G)n(®^,[/2,0A^) 

(F, K, G) □ a, i?) □ {®A, U2, 0x) 

{F,K,G) □ (®^,f72,0x) □ {{A,a,R) X (A",^)) 
(B, 5) □ 1^2, □ ((F, At, G) X (F, G)) 

llKiB.S^] □ {{F,K.,G)x{F.K,G)) 

^B,V2,'E)^)o {{B,p,S) X (S,/3,5)) □ ((F,K,G) X (F,K,G)) 

|(«>b,V2,®aa) □ {[F,v]x[F.,v]) 

iB,V2,(E)^f)a ((F,K,G) X (F,K,G)) □ ((Aa,^) x (Aa,^?)) 

|[-F2,G2] □ {{A,aM)x{A,aM)) 
{F,K,G) □ {(g)A,U2,®M) n ((Aa,-R> X (Aa,^)) 



Computing the dom of ( |7q ) and ( [77[ ) we obtain the same result, F2. By universality 
of the left action ax a their codomains should also be the same. Computing their 
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cod we obtain 

(78) GR^ •ip(g)M» SG2 

(79) G2(i? X i?).®^((p X (^).S'2(G X G) 

respectively. They are precisely the LHS and RHS of the ambimonoidality condition 
®- 

In order to prove the other ambimonoidality condition 

(80) GR°»ipiM»SGo = Go .5° 

we note the following facts. The natural transformations 



1 



(81) 



A 



M 



1 



and 



B 

Vo [V 



where 1 is the one element category, are 1-cells in L-Func because Uq and Vq are 
invertiblc. Counitality of the comonoidal natural transformation a, 

(82) Uf^^^aiA = R°»RUq^ 

is equivalent to the statement that 

(83) [iA,R\- {A,a,R)a{iA,Uo,iM) -> (ia,Uo,im)- (1,1,1) {A,U,M) 

is a 2-cell in L-Func. Similarly, counitality of (3 is the condition for [zg, 5*°] to be a 
2-cell. Unitality of the monoidal natural transformation k, 

(84) VFo^Vo = KM»G[/o»Go 

in turn is the condition for 

(85) [Fo,Go]: {iB,Vo,i^) ^ {F, k,G) n {iA,Uo,iM) 

to be a 2-cell in L-Func. Thus one may form the vertical composites 

{B,(3,S) □ {iB,Vo,i^) 

|(B,/3,S>n [Fo,Go] 

{B,l3S)u{F,K,G)u{tA,Uo,iM) 

(86) ^[F,v]a{i^,UoAM) 

(F, K, G) a {A, a, R) a (i^, [/o, ^m) 
{F,K,G)u{iA,Uo,iM) 



and 



(87) 



{B,(3, S) a {iB,Vo,iAr) 
{iB,Vo,ijsr) 

|[-Fo,Go] 

{F,K,G)o{iA,Uo,iM) 
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which evaluate to be 

[Fo,GE}'*viM*SGQ\ 



(89) [i^o,Go.5"] 

respectively. Since their dom are equal, we can conclude by universality that their 
cod are equal as well, which in turn are the LHS and RHS of (pO|). The universal 
action we use here is the trivial action (1, 1, 1) on the identity functor of the category 
1. The cell Uq, using its invertibility, can be absorbed into kuUq to form the k! of 



the universality condition of Definition 4.1. Universality of (1, 1, 1) in turn follows 



directly from (^9|) noticing that after inserting a 1-cell for a and a 0-cell for U 
equation (^) immediately gives a unique solution for -0. □ 

Motivated by the above Proposition we can now fill in the missing items in 
diagram (bT 



Definition 4.9. Let L-MFunc be the 2-category with 

>■ objects the monoidal functors U : A ^ M with the underlying functor 
having a left adjoint, 

> 1-cells {A,U,M) {B,V,Af) the triples (F, k, G) where F: A ^ B, 
G: A4 ^ M are lax monoidal functors and k: GU — > VF is a monoidal 
natural isomorphism and 

> 2-cells (F,K,G) {F',k',G') the pairs where F ^ F' and 
ly; G G' are monoidal natural transformations satisfying the constraint 

All compositions are defined as in L-Func via forgetting L-MFunc — > L-Func. 

This 2-catcgory describes the precise framework in which we are able to associate 
a "quantum groupoid" to a forgetful functor. The "quantum groupoids" in this 
generality are the bimonads. 

Definition 4.10. Let Bmd be the 2-category with 



> objects the bimonads {M,T) = {M,T, T'^,T^, fi, rf) of Definition U, 
>■ 1-cells R) {J\f, S) the monad morphisms (G, (p) in which the func- 
tor G : Ai Af is lax monoidal and (p : SG GR is ambimonoidal, 
>■ 2-cells {G,(p) — > {G',(p') the monad transformations v. G ^ G' which 
are monoidal. 

All compositions are defined by the forgetting 2-functor Bmd Mnd. 

In order for Bmd to be well defined as a 2-category we are still indebted to show 
that ambimonoidality is preserved by horizontal composition. 

Lemma 4.11. Consider two horizontally composable monad morphisms 

^A,R) {B,S) {C,T) 

in which the categories are monoidal, the functors are lax monoidal and the natural 
transformations ip and x o,i"e ambimonoidal. Then in the composite 

{H,x)o{G,p) = {HG,Hip.xG) 

the functor is lax monoidal and the natural transformation is ambimonoidal. 
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Proof. Lax monoidality of HG is obvious. We have to show that ^ := Hip • xG sat- 
isfies the two diagrams ( |6^ ) and (|70|). The proof is tliis. The first ambimonoidahty 
diagram foUows from commutativity of 



(90) 

T (g) {HG X HG) 



TH2{GxG) 



T^{HGxHG) 

i{THG X THG) 

|<»(xGxxG) 

i){HSG X i/5G) 



H2(SGxSG) 



(g>(HipxHip} 

'){HGR X HGi?) - 



H-iiGRxGR) 



TH®{G-K G) 

jx'g'CGxG) 

HS(8){Gx G) 

|hS^(GxG) 

H(g){SGx SG) 
H ® {GR X GR) 



THG2 



HSG2 



HGi 



THG® 

|xG» 
HSG® 

HGR® 

HGB? 
{R X R) 



HG2{RxR) 

where (g) in the 1st, 2nd and 3rd column denotes the monoidal product oi C, B and 
A, respectively. The second ambimonoidahty diagram follows from 



THo 



(91) 




THi, 



HSiB 



THGo 



HSGn 



THGiA 



xGij 



HSGiA "'^'^ > HGRiA 



HGa 



hgt" 



HGiA 



□ 



Let us summarize what we have obtained sofar: 



Theorem 4.12. Given a 2-functor Q: L-Func Mnd as in Subsection J^.i. there 
is a unique 2-functor 

Q: L-MFunc^ Bmd 

such that n62) is commutative. 



Proof. As for the object map of Q we must take the monoid Q{U) and endow it 
with the comonoidal structure that Corollary 3.1 provides. The arrow map of Q 



is again uniquely determined by that of Q and it yields bimonad morphisms by 
Proposition 4.8. For the unique 2-cell map of Q there is nothing to prove. □ 



4.4. The monoidal Eilenberg-Moore construction as a 2-functor. Functo- 
riality of the Eilenberg-Moore construction can be formalized as having a 2-functor 
the object map of which associates forgetful functors to bimonads. 
Let EM: Bmd L-MFunc be the 2-functor defined as follows. 
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The object map: For a bimonad {M,T) let EM{M,T) := {M'^,U'^,M), the 
strict monoidal forgetful functor of the category Ai'^ of T-algebras, see Proposition 



3.3 



The arrow map: For a bimonad niorphisni (G, ip) we define 



where 

M'^ ^"^ > Af^ i^'^) {Gx,GaoLp.^) 

{Gf,^,G) = ^ and G^ : |r jcr 

M ^ = ^ (G2/,G/3o^,) 

which is indeed a functor from T-algcbras to S-algebras since G/3 o ipyO SGt = 
G(3 o G Tt o ip x — Gt o Ga o (p^ . The monoidal structure for G"^ is the one given in 
Lemma 4.13 below. 

The 2-cell map: For a transformation v: (G, (p) — > (G', (/j') of monad morphisms 
(7W,T) ^ (A/',S) we define 

¥M{v) := [;>,z^]: (G'^,=,G> ^ (G"^',=,G') 
where i> on the T- algebra {x, a) is the lift of v^, 

i>{x,a) ^ {{Gx,Gao(p^) — {G'x,G'aoip'^)) 

which is indeed an S-algebra morphism because G'a ° ^p'x° Svx = G' a o vtx ° 
^v^o Gaoip^. 

Lemma 4.13. 

Gt^[G^{x,a)OMG^{y,l3) G^ {{x , a) O M{y . P))} 



is the unique monoidal structure on G"^ such that U^G'^ = GU'^ , as monoidal 
functors. 

Proof. Since U'^ and are strict monoidal, the only monoidal structure on G"^ 
is the one with components that are lifted from the components of G2, Gq, which 
is precisely the above formula. The hexagon and square identities therefore hold 
automatically if we can show that the components Gx,y and Go can indeed be lifted 
to S-algebra maps. 

Gx,y lifts to an arrow in J\f^ iff 

G(a P) o GTx,y o ^Px®My ° SG^^y = Gx,y o{Ga ®n G/3) o((^^ (g)^ ipy) o Sgx,Gv 

which, after using naturality of G2, becomes a consequence of the first ambi- 
monoidality axiom for Lp. 

Gq is an arrow in iff GT° o tp^j^ o SGq = Gq o T° which is precisely the second 
ambimonoidality axiom for ip. □ 

4.5. The adjunction Q H EM and universality. In this subsection we construct 
pseudo natural transformations ^ and C providing the unit and counit of the ad- 
junction Q H EM, respectively. Then we show how to restrict these 2-functors to 
obtain an adjunction in the strict sense, which is needed to establish the universal 
property of the bimonad Q{U) of a left adjointable monoidal functor. 
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4.5.1. The counit The action of Q on EM.{A4, T) does not necessarily return the 
original monad T. Instead it gives {Ai^U'^U'^) where is some left adjoint of 
U'^ . If were equal to the free T-algebra functor then we would get the 
original monad T. Of course, all left adjoints are isomorphic and it is easy to 
see that the isomorphism a : F"^ U'^ leads to a monad morphism ( = U'^a 
sending T = U'^F'^ to U'^U'^. A closer look gives that we arc actually have a 
bimonad isomorphism. This is the content of the next Lemma in which * denotes 
composition of 2-functors. 

Lemma 4.14. (MX) ■ Q * EM{M,T) {M,T) is a bimonad isomorphism. 
Proof. Because of uniqueness of left adjoints of monoidal functors up to comonoidal 



natural isomorphisms (Lemma 2.4), the a can be chosen to be comonoidal. But 
U'^ is also (co)monoidal, so the ( is, either. Now the identity functor A4 being 
comonoidal, the ambimonoidality condition for ( is equivalent to its conionoidality. 

□ 

Next we investigate the naturality properties of C. Let (G, cp) be a bimonad 
morphism T) ^ (TV, S). Then Q * EM(G, ip) = (G, ip') where tp' is determined 
from the 1-cell 



EM(G, ip) 



I' 



M — ^ JV 
i.e., (/9: S'G — > GT' is the unique solution of 

/J'G"^ = Ga'mip'U'^ 

where T' = U'^U'^, S' = U^U^ and a' = W^Eut, (3' = U^ejjs are the universal 
actions associated to U'^ and U^, respectively, in the definition of Q. Denoting by 
a = U^e'^ and f3 = U^e^, respectively, the universal actions associated to them by 
the Eilenberg-Moore construction, we have 

so we have to solve 

PG'^^Q^U^G'' = Ga^GCj^^U'^ •(p'U'^ . 

Taking into account the formulae below in which (x, a) stands for any T-algebra 

SG-p{x,o,)=^{Gxfio,o^^) = {SGx,y.Gx) — ' {Gx,Gaoip^) 

PG^{x,a) ^ SGx ^^^^ Gx 

Ga(^x,a) = GTx Gx 
the solution is 

ip' = GCt'V'Cs'G 

which is equivalent to that 

{M,T) ^^^^ {M,T) 



(92) (G,^')| = I 



(G.v) 



(AA,S') (AA,S) 
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is an identity 2-cell. 

Lemma 4.15. C,: Q*EM Bmd is a 2-natural isomorphism, i.e., for any 2-cell 
u:{G,ip)^{G',ip'): {M,T) ^ {Af,S) 

uo^T = (s«Q*EM(z/). 

Proof. In the above preparations we have aheady shown this relation for 1-cells v. 
If J/ is a 2-cen then it suffices to check the equation merely as an equality of natural 
transformations, i.e., as 2-cells in Cat. Since the functor component of C, is always 
the identity functor, this equality is the trivial u = v. □ 

4.5.2. The unit ^. The Eilenberg-Moore comparison functors Ku: A — > Ad'^ pro- 
vide 1-cells 

A 

(93) ^u:={Ku,=,M) = I L,. : U^EM*Q{U) 



M M 

for all objects {A, U,M) in L-MFunc. On 1-cells the 2-functor EM * Q acts as 
{A,U,M) {M^,U^,M) 

I EM*Q 

(94) {F,K,G) (G'^,=,G> 

where (fi : SG — > GT is the unique solution of 

(95) (3F»Sk = K»Ga»ipU 

where T=UU, S ^ VV, a = Ueu and (3 = Vey- 

Lemma 4.16. The monoidal natural isomorphism k: GU VF lifts to a mono- 
idal natural isomorphism k: G^Ku KyF. The pair := [K,id] is an invertible 
2-cell 



U ^" 1 EM*Q(C/) 



(96) 



EM*Q(k) 



V > EM*Q{V) 



L-MFunc. 



Proof. Computing the effect of the functors on an object a £ A 
KvF: a ^ {VFa,SVFa ^ VFa) 

G'^Ku : a ^ {GUa, SGUa ^ GRUa ^ GUa) 

we see that the lifting property of Ka ' GU a VFa is just the defining equation 
of (p above. So k has the proper components and it is natural by virtue of the very 
simple form of the functors Ku, Ky on arrows. Moreover, k is monoidal since the 
monoidal structures of G^ , Kjj, Ky are just the lifts of the corresponding structures 
in G, U, V, respectively. The constraint for = [k, id] to be a 2-cell is just the 
lifting property U^k = k. □ 
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Lemma 4.17. ^: L-MFunc —>■ EM * Q is a pseudo natural transformation with 
That is to say, for any 2-cell 9: k ^ k' : U V 



Proof. For 9 — [9, v\ one has EM * Q(^?) = [jJ, v\ so one has to check dom and cod 
of 

{k, H ■ ([/>, v\ □ (AV, =, M)) = {{Kv, =, AA) □ m [k, =] 

which are k' • C>Kif = Ky^ • k and the identity v = v, respectively. The former is 
the hft of k' • vU = Vil} • k which is but the the defining equation for the pair [9, v\ 
to be a 2-cell k ^ k'. □ 

4.5.3. The pseudo adjunction Q H EM. We want to prove that the 2-functor Q is 
the pseudo left adjoint of EM in the following sense. 

Theorem 4.18. There exist pseudo natural transformations 

C:Q*EM^Bmd, ^ : L-MFunc ^ EM * Q 

such that 

(97) (C * Q) (Q * = Q 

(98) (EM * C) (C * EM) = EM 

where * denotes composition of 2-functors and higher cells, i.e., 2- composition, and 
© denotes componentwise horizontal composition of natural transformations, i.e., 
1-composition in the 3-category 2-Cat. 

Pro of. We use the p seud o nat ural transformations ( and ^ constructed in the Lem- 
mas [4.l4 [4.151 , [4.16| and |4.17| . The effect of the 2-functor Q on the 1-cell is 

Qi^u) = Q{Ku, = M) = (^{M,T) ^-^'^ (M,r')) 

where T = UU, T' = U'^IJ'^ and C' : T'M MT is the unique solution of 

a'Ku = a»CU 
where a — Ueu, and a' — U'^Sij-t — U'^e^ • Q^^U'^ . Since 
a'Kua = a\u^jj^^^^ = UeuaoQ~^Ua 
a'Ku — a* Ct^U , 
the solution is C' — Ct^- Since T here means Q{U), we obtain 

Q , EM * Q(C/) Q(C/)') = 1 



which is precisely equation (p7|). In order to prove the other adjunction relation we 
look at 

W) = {Ku-,=.M): iM'^,U'^,M) ^ {M'^' ,U'^' , M) 
where T' = U'^U'^ as before and 

KjjT : {x,a) {U'^ {x, a) ,U'^ EijT {x, a)) — {x,ao(^~^) . 
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Let us compare this with 

em((x,t')^(x,t)) = 1^,, ^ I 

M = M 

where M'^ : {x,a) ^ (x,aoC^), i.e., = {KjjTy^. Therefore the 1-cell EM(Ct) 
is the strict inverse of Ciem(t) for any bimonad T. This proves 



U' 



EM(T) EM * Q * EM(T) ^^'^ EM{T)] = 1 



EM(T) 



for aU bimonad T which is equation (jO^)- □ 

4.5.4. Universality. The fact that Q is a left pseudo adjoint of EM has the foUowing 
local description. For each object U in L-MFunc there exist a bimonad T — Q{U) 
and a 1-cell £, = £,u- U ^ EM(T) satisfying the following property: 

P: If 5 is a bimonad and k: U ^ EM(5) is a 1-cell then there exists a, up to 
isomorphism unique, bimonad morphism tp: T —f S such that 

EM{(p) □ C = K . 
As a matter of fact, let := C5 o Q{k). Then 

EM{if ) □ ^ = EM(Cs) □ EM * Q(k) □ ^ ^ 

EM(Cs)nH» 

> EM(Cs) □ ^EM(S) = 

If : T ^ S" is another monad morphism for which there exists a (p' : EM.{tp') □ 
K then 

^' ^^'o Cq(u) o QiO ^ Cs o Q * EM((^') o Q(0 ^ 

CsoQ(0') 

;;;; > CsoQ(k) = "/^ 

Now assume that EM(T') also satisfies property P. Then we have 1-cells and 
invertible 2-cells 

ifi'-.T'^T, (f)' ■.EM{ip')n^' ^ ^ 

and it is easy to see that there are invertible 2-cells ipocp' T' and ip' OLp T, 
i.e. T and T' are equivalent. This result, however weak, is in complete agreement 
with the fact that Q, as a left pseudo adjoint of EM, is determined only up to 
pseudo natural isomorphisms. 

On the other hand, the way we defined Q allowed only the freedom to choose 
different adjunction datas for the functors U , which amounts to Q beeing unique 



up to 2-natural isomorphisms. Also the universality formulated in Theorem 3.(; 
suggests that we should find a 2-categorical 2-adjunction generalizing it. 

Notice that the image of EM lies in a special sub-2-category of L-MFunc in which 
the 1-cells contain identity natural isomorphisms k. Let us call a 1-cell (F, k, G) 
strict if K = Igu — ^vf- The 2-category of all objects of L-MFunc with only strict 
1-cells between them and with all 2-cells between strict 1-cells will be denoted by 
st-L-MFunc. 
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Remember that the comiit (: Q*EM Bmd is a 2-natural transformation. The 
miit ^: L-MFunc — > EM * Q is only pseudo natural but the 2-cell is such that it 
is the identity for strict 1-cells. Therefore the restriction of ^ to st-L-MFunc is also 
2-natural. Denoting by EM^f and Q** the corresponding restricted 2-functors we 
obtain an ordinary 2-adjunction 

(99) Q^* H EM,t , 

i.e., one in which the unit and counit are 2-natural transformations. Such left 
adjoints Q** are already unique up to 2-natural isomorphisms. This is reflected by 
the following property of the monad Q{U) of a left adjointable monoidal functor. 

Theorem 4.19. For each object U of L-MFunc there exists a bimonad T and a 
strict 1-cell ^: U EM(r) with the following property: 

U: If S is a bimonad and l: U EM(S') is a strict 1-cell then 
there exists a unique monad morphism ip: T S such that 

EM{ip)a^ = L. 

If another bimonad T' and another strict 1-cell f ' : [/ — )■ EM(T') has property U 
then there is a bimonad isomorphism i/j: T — > T' such that EM (■(/;) □ ^ = 

5. BIALGEBROIDS 

5.1. From bialgebroids to bimonads. Let fc be a commutative ring, R a (pos- 
sibly non-commutative) fc-algebra. A Takeuchi x n bialgebra or a left bialgebroid 
over R in the sense of ||l^ consists of 

• a fc-algebra A with a fc-algebra map s (E)kt: R(E)k A making A into 
an R-R bimodule via r ■ a ■ r' := s{r)t{r')a and 

• a comonoid structure {A,A,e) on A in r/Ar 
such that 

BGD l.a: the image of the comultiplication A(^) C A i^r A belongs to the 
subbimodule 

AxrA^ {X £ A(SrA\X{1(^ s{r)) = X{t{r) ® 1)X, Vr e i? } 

which has the obvious algebra structure therefore it is meaningful to require 
that 

BGD l.b: A: A-^AxRAhea, fc-algebra map, moreover 
BGD 2. a: the counit e preserves the unit, s{1a) — 1/j 
BGD 2.b: and satisfies 

e{at{e{b))) = e{ab) = e{as{e{b))) 

for all a,b G A. 

Right bialgebroids are defined analogously but using right multiplications with 
s{r), t{r) in the definition of the i?-i?-bimodule structure of A, so the meaning of 
A Xr A also changes. What is important that in order for the category a-M of 
left A modules to have a monoidal structure one needs a left bialgebroid A while a 
right bialgebroid makes Ma to be monoidal. 

Every left A module aV inherits an R-R bimodule structure via the algebra map 
s (8>fc t, i.e., if we denote the action of a S A on an element v € V by a> v then 
r-vr' := s{r)t{r')>v, r, r' £ R. This defines the forgetful functor U : a-M rMr. 
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The comultiplication A : a i— + a(i) (X" a(2) allows to define a monoidal product 
on such that U becomes strictly monoidal. The monoidal product X <>Y oi 
the A-modules X and Y is the i?-i?-biniodule X ®b, Y equipped with ^-action 
at> {x ^ y) = {0,(1) > x) ^ (a(2) > y) which is well defined due to axiom (BGD l.a) 
above. 

In the sequel we shall identify i?-i?-bimodules X with left ii'^-modules via (r (g) 
r') ■ a := r ■ a ■ r' , where := i? (g) R°^. The left regular A-module A = aA is 
not only a left i?^-module but a right i?'^-module, as well. This allows to define a 
functor T := A (Kifle -: rMr^ rMr. 

Theorem 5.1. Let A he a left bialgebroid over R. Then the endofunctor T = 
A (g)fle — defines a bimonad on rMr with structure maps 

(100) fix: A(g)ii. {A(g)iie X) ^ A(g)Rc X , a (g) (b (g) x) 1-^ ah (g) x 

(101) i]x-- X ^ Ag)R<: X , xi-^lAg)x 

lx,Y ■■ A g)R. {X g)R Y) {A g>R. X) g>R {A g>R. Y) , 

(102) a ig {x ig y) !—>■ (a(i) (g) x) (g) (0(2) <g y) 

(103) -k: A®R. R-^ R, a® r ^ e{as{r)) . 

Proof. Since the bimodule structure of A comes from R'^ being a subalgebra in A^ 
the monoid structure A® A ^ A \n kM determines, via the coequalizer Ag)kA^ 
Ag)Re A, a monoid structure Ag)Re A ^ Ain r^Mrc . This latter monoid structure 
makes T into a monad on r<iM with structure maps given in elementwise notation 
in ( 10C| -101). Thus /i and 77 satisfies the bimonad axioms (BMD 5) and (BMD 6), 



i.e., (T,/i, 77) is a monad. 

The comultiplication A: A A x r A defines the comonoidality natural trans- 



formation 7 by formula (|102|). It is well defined due to axiom (BGD l.a) and it 



satisfies the hexagon of (BMD 1) due to coassociativity of A. The other compo- 



nent TT of the comonoidality structure of T given in (lOS ) is well defined due to that 
axiom (BGD 2.b) implies e(as(r)) = e{at{r)) for a € A, r g i?. It is a counit for 7 
in the sense of the bimonad axiom (BMD 2) because e is the counit for A. Thus 
(T, 7, tt) is a comonoidal functor. 

The compatibility condition of with 7 follows from the bialgebroid axiom (BGD 
l.b) while the compatibility of /i with tt follows from the counit axiom (BGD 2.b). 
This proves (BMD 3). Compatibility of 77 with 7 is unitality of A hence follows 
from (BGD l.b) while compatibility of 7/ with tt is the section property eo s = iAr. 
This proves (BMD 4). □ 



Remark 5.2. In this Section we speak about bialgebroids in the category of k- 
modules including as special cases the category Ab of Abelian groups or the category 
MecK of vector spaces over a field K . However, the category can be replaced 
with any symmetric monoidal closed category {AA, g), i) which has coequalizers. The 
symmetric monoidal structure is required to be able to speak about the monoids 
i?, and R"^ while the coequalizers are needed to define tensor products over 
such monoids. The tensor product g)R becomes a monoidal product on rM.r, if 
g) preserves coequalizers. This latter property is guarantied if M is closed. The 
definition of bialgebroids as well as the above theorem holds also in this more general 
setting and should cover non-additive examples. 
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Example 5.3. The trivial left bialgebroid over R is the bialgebroid E = R®k R°'^ 
with comultiplication and counit given respectively by 

(104) Ae: E E (g>RE , r (g)k r' ^ (r (g)k 1r) (E>r ilR(E>k r') 

(105) Se-E—^R, r^ur'^rr' 

and with source and target maps SE{r) — r ®}~ 1r, tsir) — Ir <^k r. 

If T is the bimonad on rA4r associated to a bialgebroid A over R then the 
category of T-algebras rM'^ is monoidally isomorphic to the category of left A- 
modules a-M- 



5.2. Characterizing bimonads of bialgebroids. The bimonad constructed in 



Theorem 5.1 is special among the bimonads in that T is fc-linear and has a right 
adjoint. As a matter of fact, the functor Hom( r^A, — ) maps an i?-i?-bimodule X 
into the fc-module Hom(A, X) of fc-linear maps f : A ^ X satisfying f(s{r)t{r')a) = 
r ■ f{a) ■ r' and equipped with i?-i?-bimodule structure r ■ f ■ r' = /(— s{r)t(r')). 
This functor is the right adjoint of T = A (gj/fo — with counit and unit 

(106) A(g)R.llom{A,X) X , a®/i^/(a) 

(107) X Hom(A, Ai^Rc X), {a^ a(»x} . 

From now on we never mention fc-linearity although every functor on fc-linear cate- 
gories will be assumed fc-linear. This means for example that bimonads on fc-linear 
categories will be assumed to have fc-linear underlying functors. Let Bmdfc be the 
2-category of such bimonads. 

In this Subsection we will show that the single property of having a right adjoint 
already characterizes the bialgebroids within the bimonads of Bmd/j. The summary 
is this. 

Theorem 5.4. Let R be a monoid in kM and {T, 7, tt, fj,, rj) he a bimonad on rM.r. 
Then T is isomorphic to the bimonad of a bialgebroid over R if and only if it has 
a right adjoint. 

Only sufficiency requires a proof. Nevertheless we will give a detailed proof di- 
vided into a series of Lemmas that contain both necessary and sufRcient conditions. 

Lemma 5.5. Let E be a k-algebra and T: eM. eM. be an endofunctor on 
the category of left E-modules. Then there exists an E-E-bimodule M such that 
T = M <SiE ~ if CLnd only if T has a right adjoint. 

Proof. Necessity: M ®e — has a right adjoint hom(Af, — ) := IIom£;(£;M, — ) 
inheriting its left E module structure from the right i?-action on M . The adjunction 
relation 

(108) Hom£;(X, hom(M, Y)) HomB(M (E)e X, Y) 

f 1-^ {m iS) X i-^ f{x){m)} 



for left _B-modules X and K is a standard hom-tensor relation. 
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SufBciency: Let H he a. right adjoint to T. Then, M := T{ eE) being an E-E- 
bimodule via = End ( eE) as well as E, we have 

HomB(TX, Y) ^ HomE(X, HY) ^ Honis(^ Os X, HY) 

^ HomB(X, hom(i;, iJF)) 
= HomB(X, hom(T£;, F)) 
^HoniB(T£; ®eX,Y) 
implying TX ^ TiJ ®e X. □ 

Lemma 5.6. Let E be as before and {T,ii,rj) be a monad on e-M.- Then there 
exists a monoid A in e-M.e and a monad isomorphism A ®e — = T if and only if 
T has a right adjoint. 

Proof. Necessity: This is the same as the necessity part of the previous Lemma. 

Sufficiency: By the previous Lemma there is a bimodule A and an isomorphism 
v. T T' := A ®E — of functors. The natural transformations fj, and r] can 
be passed to T' via v to get a monoid {T',ii',v'). Since the powers of T' have 
hom-functors as right adjoints and the natural transformations between them - by 
the Yoneda Lemma - arise from bimodule maps between the tensor powers of A, 
it is easy to see that the monad structure on T' is that of arising from a monoid 
structure on A. □ 

The next Lemma provides an important class of examples of lax monoidal func- 
tors. 

Lemma 5.7. Let {M.,®,i) be a monoidal category with coequalizers and assume 
that XI®— and — ® x preserve coequalizers for all objects x of Ad. Then for any 
monoid {R, v, l) in M the R-R-bimodules X = {x, Xx ■ R®x^x,px'. x® R ^ x) 
in A4 form a monoidal category rMr with monoidal product (8)_r arising from a 
choice of coequalizers x ® {R® y) ^ x ® y ^ x ®fi y for each pair of objects. The 
forgetful functor $: rMr A4 mapping {x, Xx , Px) to x is lax monoidal with 

(109) <i>x,Y- ^X ®^Y ^ <i>{X ®rY) 
being the chosen coequalizer and 

(110) ^o-i^^R 
being just the unit l of the monoid R. 

Proof. The proof is standard and therefore omitted. In case oi A4 ^ kAi (for 
which the notation /jAb would be more logical) and R a fc-algebra the statement is 
definitely common lore. □ 

Combining the results of the last two Lemma with the fact that a lax monoidal 
functor (b: B ^ M. maps monoids {A, /x, rj) in B into monoids 

{^A, $(/i) o ^A,A, ^{v) ° *o) 

in A^, we immediately obtain 

Corollary 5.8. Let E be a k-algebra and (T, /i, r)) be a monad on eM. Then there 
exists a k-algebra extension E ^ A and a monad isomorphism A®e — — > T if 
and only ifT has a right adjoint. 

Now we investigate the coalgebra properties of the fc-algebra A. 
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Lemma 5.9. Let R be a k-algehra, E ~ R(>^kR°^ be its enveloping algebra and let 
{T^T"^ ,T'^) be a lax comonoidal endofunctor on the monoidal category eM- Then 
there exists 

• an E-E-bimodule A, 

• a comonoid {A, A, e) in eM. in which the R-R-bimodule structure of A 
comes from eA, 

• and a comonoidal natural isomorphism A(^e — ——^ T 
if and only if T has a right adjoint. 



Proof. Necessity: This holds by Lemma 5^ even with out comonoid structure 



SufHciency: If T has a right adjoint then Lemma |5.5| ensures the existence of 
a bimodule A in eJ^e f^nd a natural isomorphism A®e ~ ~^ T. Using this 
isomorphism we can put a comonoidal structure on A®e ~ making the isomorphism 
into a comonoidal natural isomorphism. Let 

7x,y: A®e {X (E)rY) {A(g)EX)(g)R {A(E)eY) 
■n: A®E R^ R 

be the lax comonoidal structure we obtained that way. Since is a generator for 
eM. and 7 is natural, the components ^x.y ai'e completely determined by ^e,e- 
As a matter of fact, iox x & X \ei f^: E ^ X be defined by fir (g) r') := r ■ x ■ r' . 
Similarly, let gy be the analogue for Y. Then for all x E X, y G Y and a E A 

ixxia <^E {x <»R y)) = [{A <»e fx) <»r {A (g)_E gy)] o jE,E{a <»e {^e <^r Ie)) 
or, introducing 

(111) A(a) := {p^^ ®R p^^) o -fE,E{a ®e {Ie Ie)) 

(112) =a(i)«)fla(2) EAtE)RA 

where pA ■ A (^e E A denotes the obvious isomorphism, we obtain formula 



(102). Inserting this expression of 7 into the diagrams (£0|) and take the special 
case X = E one obtains 

7r(a(i) li?) • a(2) = a = a(i) • 7r(a(2) (8)_e 1_r) , aEA. 

Therefore A is counital with counit 

(113) e(a) := 7r(a(g)£; Ifl) 

and it is left for an exercise to show that ( |l9|) implies that A is coassociative. □ 

Remark 5.10. The comultiplication and counit of A can be expressed in terms of 
t he corin g structure of E of Example ^.3| and in terms of the comonoidal structure 
(102- 103| ) oi T — A(^E — as follows. The comultiplication A is the composite 



(114) 



A A®eE A®e{E®rE) -^"^^ {A<»E E)(»r{A^e E) 



A(»rA 



while the counit is the composite 

(115) A A<»eE A<»eR R 
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in the category of i?-i?-bimodules. 



It is interesting that the Takesaki Xji product appears naturally already in the 
bimodule context, i.e., without the algebra structures, as the next Lemma shows. 



Lemma 5.11. Let R and E be as in Lemma S.i and let {A,A,s) be a comonoid 
in rMr = eM for some E-E bimodule A such that the endofunctor A(>^e ^ on 
eM is lax comonoidal. Then A and e satisfy 

(116) a(i) • tEir) (g)_R a(2) = a(i) (g)R a(2) • SE{r) 

(117) eia-tEir)) = eia- SEir)) 
for all a Cz A, r Cz R. 

Proof. The proof uses essentially that A and e can be expressed in terms of 7_e._e 
and TT, see Remark 5.10| . First of all, the right action — • e := p^( — (g)^; e) of an 
element of i? on A commutes with the left E action therefore it is an R-R bimodule 
map. For a fixed a £ A choose a finite set of a,j , bik G A and ej, fk G E such that 

lE,E{a (g)E (1b <^R 1b)) = (fly «)B Sj) (g)R {bik «)B fk) 

with summations understood. Then applying naturality of Je.e twice for any r E R 
we can write 

(oy (E)E ejtE(r)) ®R {b,k ®e fk) = lE,E{a®E {tsir) <»r 1b)) 
7b, B (a <^E (1b <^r SB (?■))) = {atj <»e Cj) (g)_R {btk <^e fkSE{r)) 
implying that A(a) = Oij ■ ej (g)^ bik ■ fk satisfies (116). In order to get ( |117| ) use 
7r(a • tE{r) <S)e Ifl) = 7i'(a (g)E tE{r) ■ Ir) = 7r(a (g)E r) = 7r(a (E)e ssir) ■ Ir) 
7r(a • SEir) <»e Ifl) ■ 

□ 



Now we can finish the proof of Theorem 5.4 as follows. 

Proof. That the bimonad of a bialgebroid has a right adjoint was shown at the 
beginning of this subsecti on. Assume T is a bimonad on rMr with a right ad- 
joint. Then by Corollary 5.8 there is an algebra extension A of R^ and a monad 
isomorphism ly : T — > A(E)e ^ ■ Use this to pass the bimonad structure of T to 
the functor AiSie — ■ Then v beco mes a bimonad isomorphism. Now AiSie — has 
a right adjoint therefore by Lemma 5^ there is a comonoidal natural isomorphism 
X- A ^E — — + B ®E — for some i?-coring and E-E bimodule B. This latter 
isomorphism determines an E-E bimodule isomorphism A B which can be 
used to make A into a comonoid in e-M. Now the bimonad A ^e ~ has structure 
maps as in ( 100| - 10^ ) in which A and e give rise to an i?-coring structure on A and 
satisfy 

(118) A(a)(t(r) (g U) = A(a)(U ®fl s(r)) 

(119) e{as{r)) ^ e{at{r)) 



by Lemma 5.11. It remains to use the bimonad axioms (BMD 3) and (BMD 4). 
Inserting (102) into the first diagrams of ( |2l| ) and (^2|), after a little calculation one 
obtains that A has to be multiplicative and unit preserving, respectively. Substi- 
tuting (103) into the remaining diagrams of (HI) and (11) one immediately arrives 
to the two bialgebroid axiom (BGD 2. a) and (BGD 2.b). This proves that A is a 
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left bialgebroid over R and that its bimonad is isomorphic to T via a comonoidal 
natural isomorphism. □ 

5.3. Tannaka reconstruction for bialgebroids. By characterizing bialgebroids 
as the bimonads with right adjoints (on bimodule categories) a natural definition 
arises for what to be the bialgebroid morphisms and transformations. 

Definition 5.12. Let Bgdj. denote the l-fuU and 2-full sub-2-category of Bmdfe the 
objects of which are the A;-linear bimonads T : T T with right adjoint where T 
is isomorphic to rMr for some fc-algebra R. The objects of the form A®r^ — for 
some bialgebroid A over R are called proper bialgebroids. 

Note that we could define Bgdj. to be 2-replete and not only 1-replete by allowing 
for objects all bimonads that are equivalent to proper bialgebroid bimonads. Still 
the above definition works well with the Eilenberg-Moore construction. 

Proposition 5.13. Let TiT^Tbean object in Bgdj.. Then EM(T) = U'^ : 
T"^ T is a monoidal functor with both left and right adjoints. 

Proof. Strict monoidality of U'^ and existence of left adjoint follows from Proposi- 



tions 3^ and 3^. Existence of right adjoint follows from |l5|, Corollary V.8.3]. □ 



The converse of the above proposition, namely that a monoidal functor [/ : C — > 
T with both left and right adjoints determines a bimonad T = Q,{U) with right 
adjoint is obvious since the underlying functor is now a product of two functors T = 
UF with both U and F having a right adjoint. Therefore appropriate restrictions 
of the 2-functors EM and Q, denoted by the same letters, provide an adjunction 
and a Tannakian theory for bialgebroids. 

In the following definition L-MFunCfe denotes the fc-linear version of L-MFunc of 
Section ^ with only strict 1-cells. 

Definition 5.14. Let A-MFunCfc be the l-fuU and 2-full sub-2-category of L-MFunc^ 
the objects of which are the monoidal functors U : C ^ T with both left and right 
adjoints and with target category T that is isomorphic to some bimodule category 
over fcAl. 

It follows that the restrictions of Q and EM to 2-functors A-MFunCfe Bgdj, 
and Bgdj. A-MFunc^, respectively, constitute a 2-adjunction Q H EM. 



The following corollary is a direct consequence of Theorem 4.19 and of the above 
definitions. 

Corollary 5.15. Let R be a k-algebra and U: C s- rA4r be a k-linear monoidal 
functor with left and right adjoints. Then there is a bialgebroid A over R and a 
monoidal functor K : C aM such that 

(1) U factorizes as U = Ua K through the strict monoidal forgetful functor Ua 
of the bialgebroid, 

(2) if B is another bialgebroid over some k-algebra S such that there exist 
monoidal functors F: C ^ sA^ and G: rA4r s-^S satisfying GU ~ 
Ub F then there exists a unigue bialgebroid morphism (G, Lp): A ^ B , i.e., 
a unique ambimonoidal natural transformation 

ip: B®s^ G{-)^G{A®R. - ) 

such that G^K = F. 
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The bialgebroid A with the above properties is unique up to isomorphisms. 

The following representation theorem for bialgebroids, in turn, is a consequence 
of Theorem 3.7. 

Corollary 5.16. LetC be a k-linear monoidal category and R be a k algebra. Then 
for a k-linear functor U : C ^ rA4 r the following conditions are equivalent: 

(1) There exists a bialgebroid A over R and a k-linear monoidal category equiv- 
alence K : C A-M. such that UaK = U. 

(2) U is monadic, monoidal and has a right adjoint. 



5.4. Bialgebroid maps. According to Definition 5.12 the morphisms (G, ip) from 
a bialgebroid A over R to another B over S consists of a lax monoidal functor 
G: rMr ^ s-Ms and of an ambimonoidal natural transformation tp: B iE)s^ 
G( — ) ^ G{A (^R^ — ) satisfying the two diagrams (|6l|). These conditions are 
rather complicated for a general functor G so we can only give some special exam- 
ples. The simplest are the bialgebroid maps. 

Assume that G arises from a k algebra homomorphism uj: S —i- R, i.e., G is a 
lax monoidal forgetful functor 

(120) G = $": rMr^ sMs, rXr^ ^(s)^a.(S) 



similar to the $ of Lemma 5.7. In this case the natural transformation 

ifix: B(g)s^<S>'^ {X) {A (g)R. X) 

is completely determined by 

^R. : B®s- X A®R. X 

since R*^ is a generator. Naturality of lprc alone in turn gives 

(pR.{b(g)s-= {r(g)r')) = (p{b)(g)R. {r(g)r') 

where the 5-5-bimodule map (p: B ^ $"(A) is the composite 
(121) 

B^B(^S' ^^-^('^^'^'y, B <f-(A) ®R. R- ^ $-(A) 

where note that in ^'^{A) only the left i?^ action is forgotten, the right one is intact. 
Inserting the expression Lpx{b® x) = ^pib) ® x into the monad morphism axioms 
( ^T| ) we obtain that ip : B A is an algebra map. Since it is also an S-S bimodule 
map by its definition ( |121[ ), we obtain the identities 

(122) pOSB=SAOL0 

(123) ipotB~tA°l-^ 



Now inserting to the ambimonoidality axioms of Definition 4.7 we obtain that 
(p: B ^ A preserves the coalgebra structure in the sense of the equations 

(124) $"(Aa)o^ = $^^^o(^0s(^)oAb 

(125) $"(eA)o^ = $^o£B 

or in Hopf algebraist notation 

(126) V{b){i) <^R ^{b)(2) = ^{b(i)) ®R 'P{b{2)) 

(127) eAip>ib))=ijieBib)) 
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for all 6 G B. The equations (122-123- 124 -125) define what is called a bialgebroid 



map in ||27| . A bialgebroid map is completely determined hy (p: B A since 

to — Ea ° ^ ° SB- 

5.5. Bimodule induced bialgebroid morphisms. Another class of bialgebroid 
morphisms are obtained if we take the functor G : rA4r sA^s to be GX = 
G i8)/je X for some S'^-i?'^-bimodule G. The natural transformation (p: B 
G( — ) ^ G{A (g)/fc — ) then becomes expressed in terms of a bimodule map 

(128) ip: B(g)s-> G G(E)B,<. A e s-Mr,- 

as ifx{i> g x) = (p{b ^ g) x. If we insert this expression into the two monad 



morphism diagram ( pi]) and into the two ambimonoidality diagram (69-70|) we ob- 
tain four relations between G and ip that are reminiscent of the entwining structure 
of Brzezihski and Majid 0, although not the same. 

At first notice that lax monoidality of the functor (G, G2, Go) imposes a monoid 
structure on the bimodule G in the category of S'-S'-bimodules but also satisfies 
dual analogues of the bialgebroid comultiplication property (BGD l.b) from the 
right hand side due to naturality of G2. The monad morphism axioms imply the 
following two conditions 

(129) G) = (G^fle /i'^)o((p(g)^e A)o{B(^s- <p) 

(130) 'poi'qB ®s^G) = G®R.r]^ 

where we use {A, fi^, rj^) to denote the algebra structure of A in riMri and simi- 
larly for B. The ambimonoidality conditions, however, are not so easy to formulate 
only in terms of the coproducts and and not the natural transformations 



they define via (102). So let us specialize ourselves to R ^ S ^ k and and as- 
sume that on each bimodule G, A, and B all the fc-actions coincide. So we have 
fc-bialgebras A and B, a /c-algebra G and a /c-linear map (p: B ^ G ^ G ® A. Then 
we can use the notation 

(131) 'p{b®g) = g^^b'P €G®A 
and write all the four conditions in a simple way 

(132) g^ ® {bb'Y = 5^v ® b'^b'^' 

(133) g^<»ilBV =g<»lA 

(134) g^g'^, <E> b^^ <E> bf^^ = [gg')^ ® (bn(i) <» {b^m 

(135) (lG)^eA(6'^) = iGSBib) 

Returning to the case of general R and S the bialgebroid morphism {G^r^ — , p) 
described above is in fact the most general possible if we require it to be an 
equivalence of the objects A and B in fc-Bgd. This follows from Morita the- 

ory since rMr — > s-^s should be an equivalence and using the isomorphisms 
R<!j\4 = rM.r and S'M. = s-Ms the G has to be naturally isomorphic to a func- 
tor G ®Rc — with a Morita equivalence bimodule s= Gr<i . That is to say, the rings 
R and S are VMorita-equivalent |2^. Ordinary Morita equivalence R ^ S arises 
under the further assumption that s^Gr<i is the fc-tensor product of equivalence 
bimodules rHs and sH'j^. This latter situation is the Morita base change proposed 
by Schauenburg p4] while the former was named as vMorita base change. 



38 



KORNEL SZLACHANYI 



5.6. An exotic example: Horn. For the tired Reader's sake let stand here an 
example of a bimonad that is not a bialgebroid. It shows that every set is a bimonad 
in a canonical way. 

Let Set be the category of small sets equipped with the Cartesian closed monoidal 
structure (Set, x, 1) with some one element set 1 = {*}. Every object C in Set is a 
comonoid in a unique way, namely by the diagonal mapping Ac : x t—^ {x,x) and by 
the constant mapping ec : C — > 1. This comonoid structure makes the endofunctor 
T := Hom(C, — ) into a monad with multiplication and unit 



where pi are the projections of the product A x B. Now it is an easy exercise to 
check that both /i and rj are comonoidal natural transformations, so (T, 7, tt, 77) 
is a bimonad. 

A T-algebra for this bimonad is a set A and a function a : Hom(C, A) ^ A such 
that the two diagrams of ( ^0|) commute. For a finite set C with n elements such 
a function a can be identified with an n variable function on A with values in A. 
Then the T-algebra conditions become the following equations for a. 

(140) a(a(aii, . . . , ai„), . . . , a{a„i, . . . , a„„)) = a(aii, . . . , a„„) 

(141) a(a, . . . ,a) — a 

for all aij € A and a E A. There are solutions that are evaluations at an element 
of C, let's say, a(ai, . . . , a„) = a^. But there are solutions that are not evaluations, 
the free T-algebras for example. A free T-algebra (Hom(C, A), ^a) is a product set 
W^A with action 

(142) a((aii, . . . , ai„), . . . , (a„i, . . . , a„„)) = ( 

Of course, the solutions form a monoidal category Set'^ by Proposition |3.3| , other- 
wise the general solution for T-algebras is not known to the author. 
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